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Abstract-The problem considered is that of a rigid fiat-ended punch with rectangular contact area pressed
into a linear elastic half-space to a uniform depth. Both the lubricated and adhesive cases are treated. The
problem reduces to solving an integral equation (or equations) for the contact stresses. These stresses have
a singular nature which is dealt with explicitly by a singularity-incorporating finite-element method. Values
for the stiffness of the lubricated punch and the adhesive punch are determined: the effect of adhesion on
the stiffness is found to be small, producing an increase of the order of 3%.

INTRODUCTION
Contact problems in elasticity may be defined as problems associated with the determination of
the distributions of stress and deformation throughout two elastic bodies which are pressed
together. Such problems are of importance to the engineer in a wide range of design fields.
Consequently they have attracted a wealth of investigations, the Russian literature being
especially rich as is evidenced by Galin's book[l]. Reviews of the area are provided by Goodier
in [2] and Lubkin in [3].

Most treatments of contact problems employ a host of simplifying assumptions in order to
make the analysis tractable. The present paper is no exception. We restrict our considerations
to /lat-ended rigid punches which are pressed into the linear elastic half-space to a uniform
depth. Furthermore we assume that the contact surface is either lubricated (no resistance to
slip) or adhesive (slip completely restrained).

This class of contact problems may be reduced to the solution of integral equations for the
contact stresses. For some contact regions, such as the infinite strip or the ellipse, exact
solutions of the integral equations are available. All these solutions feature singularities in the
contact stresses at the edges of the punches. Thus for the punch we are particularly concerned
with here-the punch with a rectangular contact region-we can expect the same sort of
singular stress behaviour. Although singular stresses cannot occur in the real world situation
modelled by these contact problems, they are a real aspect of this class of mathematical model
and must be accommodated in any numerical approach if convergence is to be ensured.

Gorbunov-Possadov has devised one method for numerically evaluating the contact stress
under a lubricated rectangular punch. The method, described in [4], approximates the contact
stress distribution by a truncated, double power series and specializes the integral equation at a
set of points to generate a sufficient system of linear equations for the series coefficients. A
second method for the lubricated rectangular punch is contained in the work of Conway and
Farnham[5].t This is a direct finite-element method wherein the area under the punch is divided
into a number of elements over each of which the stress is assumed constant, and the integral
equation specialized to generate a system of equations for these constants. Neither of these
methods makes allowances for singular behaviour in the contact stress.

Borodachev and Galin [9] furnish a method which does allow to some extent for a stress

tWithin the context of contact problems involving rigid punches. this direct finite-element method was apparently first
used by Conway, Vogel, Farnham and So(6) to analyse indented slabs. It has subsequently been used on a number of
related rigid-punch problems by Conway and his co-workers-see [7.8) and Ref. in [5].
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singularity in the lubricated rectangular punch problem. The method introduces the singularity
associated with the lubricated, infinite strip problem and represents the contact stress distri
bution for the rectangular punch with square-root edge singularities across its width and
Chebyshev polynomials along its length. Consequently the method is best suited to rectangles
with large aspect ratios. The aim of the present paper is to extend this type of approach to
rectangles of any aspect ratio: we do this with a singularity-incorporating finite-element method
(hereafter referred to as the singularity method).

The singularity method is described in Section I through an application to the lubricated,
infinite strip problem. Comparison with the exact solution for the problem affords an appraisal
of the method and demonstrates that it has superior accuracy to the methods of Gorbunov
Possadov and of Conway et al.

Section 2 presents an application of the singularity method to the lubricated, rectangular
punch problem. No analytical solution is available for this problem but some analytical bounds
on the stiffness do exist (a derivation for two of the bounds is given in the Appendix). The
values found for the stiffness are shown to satisfy these bounds.

Finally, in Section 3, the effects of adhesion are investigated and the singularity method
applied to the adhesive rectangular punch. The results show that adhesion has little effect on
stiffness, typically increasing it by 3%.

1. THE LUBRICATED INFINITE STRIP

In this section we consider the uniform indentation of the elastic half-space by a lubricated
infinite strip. We formulate the problem within the context of two-dimensional elasticity theory
and derive the associated integral equation. We then describe the application of our singularity
method and compare the results obtained with the exact solution and with those obtained by the
methods of Gorbunov-Possadov and of Conway et at.

To formulate the problem we let (x, y, z) be rectangular cartesian coordinates with origin 0
such that the surface of the half-space 'Je is formed by the xy-plane with z positive into the
half-space. That is

'Je= {(x, y, z)l-oo <x <00,-00 < Y<00,0 <z <oo}. (U)

The rigid punch indenting the half-space is in contact on at'Je, an infinite strip of width 2a
centred on the y-axis. Consequently, if a2 'Je is the region outside the punch, we have

al'Je = {(x, y, z)l- a < x < a, -00 < y < 00, Z = O},

a2'Je = {(x, y, z)1 a < Ixl < 00, -00 < y < 00, Z = O}.
(1.2)

The punch is pushed into the half-space, to a uniform depth d in the z-direction, by a load per
unit length of P (Fig. 1).

For the infinite strip, the plane-strain simplification is appropriate (viz. atay a null operator
and zero displacement in the y-direction). Accordingly, in the absence of body forces, the
equilibrium conditions are

aU'x + a'Tzx = 0, aU'z + a'Tzx = 0,
ax az az ax

(1.3)

on 'Je. Here U'x = U'x(x, z), U'z = U'z(x, z) and 'Tzx = 'Tzx(x, z) denote the normal and shear stress
components in the usual way.

The half-space is composed of a linear elastic material which is both homogeneous and
isotropic. Thus the stress-displacement relations are

[au aw]
'Tzx = Il- az + ax ' (1.4)

on 'Je, where Il- is the shear modulus, v Poisson's ratio and u = u(x, Z), w = W(X, z) the
components of displacement in the X-, z-directions, respectively.
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Fig. I. Geometry and coordinates for tl-:: .afinite strip.

The rigid punch is flat-ended and assumed to be lubricated, or smooth, so that there are no
shear stresses under the punch. The surf2ce of the half-space is stress-free outside the punch.
Hence the boundary conditions are

w =d, Tv: =0 on al~,

The appropriate regularity requirements at infinity and at the punch edges are

Ux = 0(1), Uz = 0(1), Tv: = 0(1) as r-"co,

u =0(1), W =0(1), } 8
_ O( -8) _ O( -8) _ O( -8) as r-"O( < 1),

ux - r , U z - r , Tn - r

(1.5)

(1.6)

on 'Ie. Here r is the distance from either of the punch edges and 8 is a constant. Finally we have
the loading requirement,

L: uz(x, 0) dx =-P, (1.7)

where the load P is taken to be positive for an indenting punch. Observe that the last of (1.6)
ensures the convergence <>f the integral in (1.7).

The displacement .field satisfying the preceding formulation is only unique to within a
rigid-body translation in the z-direction.t This indeterminacy would be removed if we could
exchange the first of (1.6) for a requirement that the displacements vanish at infinity. Unfor
tunately the problem so formulated has no solution. Thus the indeterminacy in the depth of
indentation must be admitted, and w~ must include a loading requirement to ensure a non-trivial
stress field.

We now reduce the problem to an integral equation. This reduction is accomplished by the
superposition of the FIamant solution for a line-load.

For a line-load applied normal to the surface of the half-space 'Ie, the Ramant solution has

tSee Knowles and Sternberg(I01. p. 1177 for an outline of a uniqueness proof.
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the following properties: satisfaction of the plane-strain equations of elasticity on 'Jt; zero shear
stress on the surface of :te; zero normal stress on the surface of :te away from the line of
application; and vanishing stresses at infinity. Consequently the superposition of such line-loads
on the strip 8t 'Jt will automatically satisfy the requirements set down in our formulation of the
strip problem except for: the displacement boundary condition of (1.5); the regularity
requirements at the punch edges of (1.6); and the loading requirement (1.7).

Turning to the first of these outstanding conditions, we draw on the Flamant solution for the
surface displacement in the z-direction resulting from a normal surface line-load applied parallel
to the y-axis and a distance ~ from it,

1- v Ix - ~Iw = - --F In -- (-00 <x < 00, -00 <~ <lXI, x"; ~).
p.71" a

(1.8)

In (1.8), F is the strength of the line-load (dimensions force/length) and w is arbitrary to the
extent of a rigid-body translation-without loss of generality we take this rigid-body translation
to be «(1- v)/p.71")F In a. Replacing the strength F in (1.8) by the "loadette" p(~)d~, and
integrating with respect to ~ from -a to a, yields the surface displacement in the z-direction
due to the contact stress p (positive for an indenting punch). Substituting into the first of (1.5)
then gives

I- vfa IX-~I-- p(~)ln - d~=d(-a<x<a).
p.71" -a a

(1.9)

If we determine p such that (1.9) holds, the displacement boundary condition will be met.
From the forms for the stress and displacement fields in the Flamant solution it can be

shown that the regularity requirements at the punch edges will be met provided the integral in
(1.9) is convergent.

With respect to the loading requirement, recall that it was introduced to preclude a null
stress field resulting for the strip problem, this possibility arising from the indeterminacy in d in
(1.5). Observe that this indeterminacy has now been removed by our specific choice of the
arbitrary rigid-body translation in (1.8). Consequently the loading requirement is no longer
needed as such, and the strip problem has effectively been reduced to the determination of the
contact stress p satisfying (1.9).

To simplify the problem further we introduce the dimensionless variables i = x/a, l = ~/a

and p =paP/P,t where P is a dimensionless load factor, and set d =(1- v)P/(p.71"P). Thus we
seek the dimensionless contact stress p such that

(1.10)

The exact solution of (1.10) is well-known:j: and we merely cite the result together with that
for P derived from (1.7):

p = 1/(71"Y(1- i 2
) In 2)(-1 < i < I), P= IIln 2. O.l!)

Equations (1.11) serve to evaluate the accuracy of our singularity method when applied to the
strip.

In applying the singularity method to the integral eqn (1.10), we focus on the two
singularities in the integrand: the square-root singularity in p-the stress singularity; and the
logarithmic singularity arising from the superposition of line-loads-the superposition sin

. gularity. We treat the stress singularity analytically and the superposition singularity with a
singularity programming technique.

tHere, and henceforth, a bar indicates a quantity that has been rendered dimensionless.
tSee. for example, Muskhelishvili[ll], p. 480.
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Since we know that the contact stress in the strip problem has square-root singularities at
the punch edges, we incorporate this feature directly, setting

p(l)= ij(l) (-l<l<l)
y'(1- f)

(1.12)

in (1.10), where ij is the regular stress. The explicit square-root singularity introduced into (1.10)
via (1.12) is removed by the change of variable l =sin cf1, with i = sin <P and ij(l) = ij(cf1), to give

1
",/2

- ij(cf1) In Isin <P - sin cf1l dcf1 = 1(-7T/2 < <P < 7T/2).
-",12

(1.13)

The solution is performed by a finite-element technique. The interval of integration is
divided into 2n equal elements, over each of which the regular stress ij is assumed constant; i.e.
q=~ on Ei ={cf1I- 7T(n +1- i)/2n < cf1 < -7T(n - i)/2n}, the ith element, for i = 1,2, ..., 2n.
Hence (1.13) becomes

(1.14)

The symmetry of the regular stress reduces the number of unknowns in (1.14) to n, and taking
the n values of <P associated with the mid-points of the elements En' En+ h • •• , E2n generates a
sufficient set of equations for the determination of iji.

Although the coefficient integrals in (1.14) can be evaluated analytically, the analogous terms
in an application of the singularity method to the rectangular punch cannot. Since the main aim
of this section is to evaluate the singularity method with a view to its eventual application to the
rectangular punch, we disregard the analytical equivalents of the coefficient integrals and
handle them numerically.

Notice therefore, that though we have dealt with the stress singularity exactly, we are still
faced with the treatment of the superposition singularity. Away from tP = <P the mid-ordinate
rule suffices to calculate the coefficient integrals: but near cf1 = <P the logarithmic superposition
singularity makes its presence felt and we need an approach that recognizes it. We choose to
deal with the difficulty by .means of a singularity programming technique because this kind of
technique has been shown to have a high computational efficiency.t

The ideas underlying our singularity programming technique are as follows. We assume
that, if I is the integrand containing the singularity, we can write

1= Ir + Is, (1.15)

on the interval of integration, where Ir is regular and continuous and Is has the singular
character. We obtain Is by finding the asymptotic behaviour of I near the singularity and
require that Is can be integrated analytically. Then, if A denotes our normal quadrature formula,
we have

f I = f Ir+f Is == M r +f I.. (1.16)

because the regularity of I r implies that f I r is well-approximated by the quadrature formula.·
From (1.15), we can replace !J.Ir in (1.16) by !J,.J :"!J,.Js to obtain

tSee Emery and Segedin [I 2).

JI '*' !J.I +JIs - !J.Is' (1.17)



1064 P. W. BROTHERS et at.

The first term on the right-hand side of (1.17) represents the original approximation for f I; the
second term, JIs - Als, can be interpreted as a correction term.

For the present problem I = In Isin 4> - sin 4»1-see (Ll4). Thus setting 4» =ct> + € and
expanding I in terms of € gives

Is = In Ie cos 4>1 + O(€) as € -l> O(-7T/2 < ct> < 7T/2). (Ll8)

Analytical integration of Is is elementary and accordingly we may employ our singularity
programming technique.

Applying (1.17) to (1.14) using (1.18), we find that the correction term decays quite rapidly
away from the element containing 4>, but contributes significantly near this element. The
coefficient integrals so computed combine to produce a coeffident matrix which is neither
symmetric nor sparse, but is well-conditioned and amenable to solution by the Crout reduction
method.

An appraisal of our singularity method requires an evaluation of how well it determines the
contact stress distribution. To this end we compare two measures of the distribution: P, the
load factor, a measure of the average value; and M, the second moment of the distribution. a
measure of dispersion.t By definition and from (l.II),

M =II i 2p(i)di = 1/In4.
-I

(1.19)

The results found for iii can be processed to provide estimates of P and M which, when
compared with exact values of (1.11), (Ll9), enable calculation of the absolute percentage
errors, ep, em, respectively. Figure 2 presents ep and em for varying n, the number of degrees of
freedom used in the singularity method (that is, the number of elements on the half-strip).

Also plotted in Fig. 2 are the errors for the methods of Gorbunov-Possadov (n equal to the
number of terms in the power series) and of Conway et af. (n as for the singularity method).
For all n shown, the error in the lQad factor, ep , is significantly lower for the singularity method
and this relative advantage is even more pronounced for the error in the second moment of the
contact stress distribution, em':/:

To better quantify the discussion of the errors we model the error distribution with

(1.20)

where e is either of the errors ep, em; A can be interpreted as an accuracy parameter; and c is a
measure of the convergence rate. Fitting (1.20) to the curves in Fig. 2 gives an excellent match
and thereby justifies (1.20) as an error model (provided n;;' 10 for Gorbunov-Possadov's
method, the correlation coefficients for all three methods are in excess of 0.999 in absolute
value). Table 1 exhibits the results for A and c.

Although the convergence rates in Table 1 are quite similar for all three methods, the
accuracy of the singularity meth09 is superior as is reftected by its lower A-values. For the
P-determination, A is at least a factor 15 smaller for the singularity method and the superiority

Table I. Comparison of accuracies and convergence rates

Method

Gorbunov-Possadov (n ;;. 10)
Conway et at.
Singularity method

For ep

A c

32.9 1.23
22.5 0.96

I.5 J.l3

For em
A c

66.9 L19
53.8 0.96

1.0 1.00

tNote that a statistic such as a x2 variable taken along some sub-interval of (- I < x< I) has an unstable dependence
on the proximity of its end-points to ± 1.

nmprovements to the methods of Gorbunov-Possadov and of Conway et al. suggest them~elve.s. Th~se include
higher-order elements (effectively a combination of the tw,o methods) and ~esh Tl:finement. Fo~ the mfimte stnp problem,
varying degrees of mesh refinement for constant and cubiC elements were investigated. In all Instances. the errors ep , em
for the singularity method were found to be lower.
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Fig. 2. Errors in P and M for the infinite strip.

so indicated is increased for the Ai-determination wherein A is at least a factor of 50 smaller.
Table 1 thus demonstrates the advantage of taking the stress singularity into account.

Finally it is worth noting that, in the application of Gorbunov-Possadov's method in {4] to
the three-dimensional problem of the rectangular punch, the number of degrees of freedom
used corresponds to an 11 of 5 here. Similarly, Conway and Farnham in [5J use what
corresponds to an n of 5. For n :::: 5 the errors in these methods are ep :::: 5.2,4.8 and em:; 10.8,
11.5, respectively. The errors in the singularity method at n :::: 5 are €p :::: em :::: 0.2.

In the next section we extend ~be ideas underlying the singularity method to a three
dimensional problem.

2. THE LUBRICATED RECTANGULAR PUNCH

We noW treat the problem of the uniform indentation of the elastic half-space by a
lubricated rectangular punch. We describe the application of the singularity method and then
present the results together with some analytical bounds.
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To formulate the problem we take 'Je to be the half·space as previously, and subdivide its
surface into a rectangular contact region a\'Je and a region outside the punch a2 'Je. The
rectangular contact region is centred on the origin 0 and has sides 2a, 2b parallel to the x-,
y-axes, respectively. Thus

a\'Je = {(x, y, z)l- a <x < a, -b < y < b, z = OJ,

a2'Je = {(x, y, z)la < Ixl < 00, b < Iyl < 00, z=OJ. (2.t)

The punch is pushed into the half-space, to a uniform depth d, by a total load P (Fig. 3).
The problem is three-dimensional. Consequently we have the six components of stress (Tx,

U y, u z, Txy, Tyz, Tzx, where Ux = ux(x, y, z), etc. denote the normal and shear stresses in the usual
way, and the three components of displacement u, v, w in the X-, y', z-directions. The
appropriate field equations on 'Je are the standard, three-dimensional, stress equations of
equilibrium and stress-displacement relations, viz. the three-dimensional versions of (1.3), (1.4).

The rigid rectangular punch is flat-ended and lubricated. The surface of the half-space is
stress·free outside the punch. Hence the boundary conditions are

w = d, Tyz = Tzx = 0 on at'Je,

Uz = Tyz = Tzx = 0 on a2'Je.
(2.2)

To complete our formulation we have the regularity requirements which insist that the
displacements vanish at infinity (thereby exempting a loading requirement) and that the contact
stresses be integrable over the punch-end with the displacements bounded there.

The derivation of the associated integral equation for the problem is achieved by the
superposition of the Boussinesq solution for a normal point-load on the elastic half-space. The
properties of the Boussinesq solution reduce the problem to the determination of the contact
stress p (positive for an indenting punch) satisfying

(2.3)

Equation (2.3) is simplified by the introduction of dimensionless variables: i, t as defined
earlier; their counterparts y = ylb, ij = TIl b; a = bla, the aspect ratio of the punch; and

p

x

a, If

Elastic half-space }{

o

I
Rigid rectangular__

punch ....-r--+----'-?"""~-----+-..

z

Fig. 3. Geometry and coordinates for the rectangular punch.
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p = pabk/(1rP), where k is a dimensionless punch stiffness,

1- Jlp II II
k=~d= 1T' p(i, y)didY.

II- -) -I

It then becomes

f lfl p(t,ii) dld-=I(-I<i<l-l<y-<l)
- 2 2 2 ~ 71 , •

-I -) V[(X-~) +a (y - ii)]
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(2.4)

(2.5)

Following the pattern of development for our singularity method in Section I, we now seek
to incorporate the stress singularity in p directly. Unfortunately the exact singular character of
p is not known. Nevertheless we can assess its singular character to some extent from related
problems. The infinite strip problem described in Section 1 contains square-root stress sin
gularities at its edges. This suggests that the rectangular punch may have square-root stress
singularities at its edges away from the comers. The uniform indentation of the elastic
half-space by a lubricated flat-ended punch which is in contact over an infinite wedge is
analysed by Rvachev in [13]. For a wedge vertex angle of 1T'/2, he shows that the asymptotic
behaviour of the contact stress p in the corner can be expressed by

p = ord (r-O
.
686

) as r--+ 0(-1T'/4 < 8 < 1T'/4, 8 constant),

p = ord (l/V[(1T'/4)2 - 82
]) as 8 --+ ± 1T'/4(r > 0, r constant),

(2.6)

where (r, 8) are polar coordinates with r =0 at the wedge vertex and the line 8 =0 bisecting the
wedge.t Taking into account this possible singular nature near the comers, together with that
suggested for away from the corners, leads us to set

p(t, ii) = V q~ii) 2 (-I<l<I,-I<ii<1)
[(1- ~ )(1- ii )]

(2.7)

in (2.5), where q is the regular stress.
Observe that the form in (2.7) can admit an inverse-distance singularity as the corner is

approached-a stronger singularity than that found by Rvachev for the corresponding wedge
problem. Such "overestimating" of singular character merely means that, if the singular
character in the corners of the rectangular punch is actually the same as in (2.6), then q will
tend to zero there. This in no way conflicts with our objective of ensuring that q is regular (or
continuous) in order that its numerical evaluation will converge rapidly. However, if the form in
(2.7) is an "underestimate" of the actual singular character in the rectangular punch problem,
then ij will not be "regular" and we may encounter difficulties' in its numerical evaluation. At
present we cannot guarantee that 'q of (2.7) will in fact be regular: ultimately the vindication of
the choice of (2.7) rests with the numerical results achieved using it.

A further factor influencing the choice of the form in (2.7) is that the singularity so
introduced into (2.5) can be removed by a change of variable analogous to that of Section I,
namely l = sin 4>, ii = sin l/J. Thereafter the numerical evaluation of q proceeds as previously.
That is, q is approximated by a set of constants on rectangular elements and the integral
equation specialized for a set of points sufficient to generate a system of equations for these
constants, the symmetry of the problem being exploited. The coefficient integrals in the system
are found numerically with the aid of our singularity programming technique for elements
feeling the effects of the superposition singularity. The system is then solved numerically using
the Crout method.

The results of ij justify the choice of (2.7) to incorporate the stress singularity. The rates of
change of ij in the vicinity of the punch edges away from the corners are small and similar to

t~alin's analysis of the same problem, [I), Section 2.11, shows p = ord (r-') as ' ... 0 (-11'/4 < 6 < 11'/4, 6 constant), but it
contains an extraneous line-load on the surface of the half-space outside the punch.
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those found in the interior of the punch where we expect the contact stress to be continuous,
and q tends to zero in the corners of the punch indicating a degreee of overestimation there. As
the stress singularity appears to be well-accommodated by (2.7), we anticipate good numerical
convergence. This is indeed found to be the case with the changes in q being uniformly less
than 2% when the number of elements in the rectangle is increased from 64 to 256.

The values of the contact stress, determined on the conversion of q via (2.7), comprise our
solution for the lubricated rectangular punch problem. In the interests of brevity we summarize
these results by giving the associated values for the stiffness k here: details of the contact stress
distribution are given in [l4].t From the second expression for k in (2.4) it follows that k is a
function of the aspect ratio a alone: Fig. 4 presents values of k varying a.

Circum -
ellipse

II

Rectongle
9

In-ellipse

7 Circle
k

5

3

a

Fig. 4. Stiffness for the lubricated rectangular punch and stiffness bounds.

Although an analytical solution is not available for the lubricated rectangular punch,
analytical solutions do exist for the related problems for the circular and elliptical punchest and
can be used' to provide bounds on the stiffness. Galin, in [1] Section 2.10, argues that, of all flat
punches of equal area, the circular punch has the lowest stiffness (the result stemming from the
work of Polya and Szego[16] on the isomorphic problem of the capacitance of a charged
lamina); hence the lower bound marked "circle" in Fig. 4. Two other bounds are furnished by a
pair of ellipses: one containing the rectangle-the circum-ellipse; the other contained in the
rectangle-the in-ellipse. Contingent upon the contact stress being of constant sign, these two
ellipses provide an upper bound and a further lower bound (see the Appendix for a proof), the
latter being superior to the equi-area circle for large aspect ratios. Since the numerical values of
the contact stresses are of constant sign we expect their attendant stiffness values to satisfy
these bounds and Fig. 4 shows that such is the c;'~e.

The analytical solution for the elliptical pune. can also be used to provide "equivalent
ellipses" in a stiffness sense, one being the ellipse VI 'h the same area and aspect ratio. For this
ellipse, the stiffness k* is given by

(2.8)

where K is the complete elliptic integral of the first kind, defined by K(m) =
fJ [(1- t2)(1- mt2>r1/2 dt. Values drawn from (2.8) are almost indistinguishable from those for
the rectan$le on the scale of Fig. 4, differing by a maximum of 2.2% for the raJlle (1 os:: ~ os:: 10).

On comparing the stiffness results found by the method of Gorbunov-Possadov in {4] with

tFuU tables of contact stresses and interior stresses are to appear elsewhere.
tSee Lur'e [15], Section 5.
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those of Fig. 4, one finds a surprisingly high level of agreement with a maximum discrepancy of
2.6% in the range (1 =E; a =E; lO).t Comparison of the result for the stiffness of the square (a = 1)
given by Conway and Farnham [5] with that of Fig. 4 yields a 3.5% difference-a sufficiently
large difference for Conway and Farnham's result to lie below the lower bound in Fig. 4.
Finally, comparing the stiffness values at a = 5, 10 obtained by Borodachev and Galin[9] with
the corresponding values in Fig. 4 provides the closest agreement yet, with the differences being
1.7% and 1.1% respectively.

We next consider the effects of adhesion.

3. THE 'ADHESIVE RECTANGULAR PUNCH

In this section we analyse the uniform indentation of the elastic half-space by an adhesive
rectangular punch. We outline the application of the singularity method and compare the results
obtained with the values found for the lubricated case.

The formulation of the problem is identical to that of the lubricated rectangular punch in
Section 2, with the exception of the boundary conditions. We now assume the punch to be
adhesive, or rough, so that no lateral slipping occurs between the punch and the half-space.
Accordingly the boundary conditions are

w= d, u = v = 0 on allfe,
(3.1)

where a1lfe, a2lfe are as defined in (2.1). ,
The development of the associated integral equations for the problem now requires two

known solutions: the Boussinesq solution for the normal point-load on the elastic half-space,
and the Cerutti solution for the tangential point-load. On superposing these two solutions,
satisfaction of the first 'of (3.1) leads to the following system of integral equations holding for
(-a<x<a, -b<y<b):

1- 2v t r(X-Opx({'''''~+(Y-'''')fY({''''')dgd.,.,+I-v rb ra
Pz~,.,.,) 2 dgd.,.,=d,

4JL1r Lb La (x - {) +(y -.,.,) 2JL1r Lb La v'[(x - {) +(y -.,.,) ]

l b ra [(x - g)2 +(1- v)(y - .,., )2]Px(g, .,.,) + v(x - {)(y - .,., )py(g, .,.,) d{ d (3.2)
-b La [(x - {)2 +(y _.,., )2]372 .,.,

+1- 2Vl b ra

(X-~)PzU,"") 2 d{d.,.,=O
2 -b La (x - {) +(y - .,.,) ,

together with a third equation obtained from the second of (3.2) by interchanging (x - g) with
(y - .,.,) and Px with py. In (3.2), px, py are the shear contact stresses and pz is the normal contact
stress, viz. Px = Tzx, fly = Tyz, pz = -CTz(=p) on al:Jl(.

Notice that on setting v = 1/2, px = py = 0 in (3.2), the system of integral equations collapses
to the single integral equation of (2.3). Thus the lubricated problem is merely the special case of
Poisson's ratio equal to 1/2 in the adhesive problem.

The critical step in the application of the singularity method to (3.2) is the postulation of
the character of the stress singularities. To this end we consider the related strip problem wherein
the contact stresses behave liket

CTz = ord (r'- 1I2 cos (K In r» as r-+O,

Tzx = ord (r- 1/2 sin (K In r» as r-+O, (3.3)

on al:Jl( as defined in (1.2), where r is once again the distance from either of the punch edges and
K = (1/21r) In (3 - 4v). We see that, in addition to the square-root singularity, the stresses in (3.3)

tOne should~ "? mi!1d, however, that c1~se agreement in an average need not reflect a high overall correlation f~r
t~e ~on~t stress dlStrtbutions-recall the conSIderable increases in the error in the second moment of the contact stress
distrtJ!.ubon cf the error in the average, in Section I.

*See, for example, Muskbelishvi!i[llJ, p. 476.
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have an anomalous oscillatory nature and undergo infinitely many sign reversals as the edge of
the strip is approached. However the region of these oscillations is small, being confined to
within 0.9997a of the strip edge (this being the point for the first sign change in the limiting case
of v = O).t Consequently we take a simplified form of (3.3) and characterize the contact stresses
in the rectangular punch by square-root singularities at the edges away from the corners.
Further justification for omitting the oscillatory nature in (3.3) can be obtained on applying our
singularity method to the adhesive strip with this simplification. When this is done for v = 0.0.
0.1, ... 0.5, the values found for both ep and em support the simplification. being less than 1%
for N = 3 and decaying with increasing N in a similar manner to that found for the lubricated
case.

The solution of the wedge problem is not available for the adhesive case. Thus. in the
absence of any additional information. we assume the singular nature of the stresses can be
accommodated by an inverse-distance singularity as the corners of the rectangle are ap
proached. Such singular behaviour near the corners, in conjunction with that suggested for
away from the corners, leads us to take the same form as in Section 2, (2.7), for each of the
contact stresses, p., py, Pz, in (3.2). As in Section 2, the regular stresses so defined are not
necessarily "regular" and the choice of these forms awaits numerical vindication.

The numerical results obtained, on the introduction of the forms and the performance of the
subsequent routine steps, do in fact support them as estimators of dominant singular charac
ter-the regular stress values found having all the hallmarks of a convergent numerical
procedure (see [l4] for detailed results). We summarize the results by presenting values of the
stiffness k, now a function of the aspect ratio a and Poisson's ratio v (Fig. 5).

The effects of adhesion on the stiffness are seen to be small. For the range (l .;;; a .;;; 10), the
greatest increase in the stiffness from that for the smooth case (v = 0.5) to that for the limiting
adhesive case (v = 0) is 8%; the increases for Poisson's ratios of 0.2 and 0.3 vary little with a
and average 3.9% and 2.4% respectively.

k
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3

2 3 4 5 6

1'=0.2
1'=0.3
1'=05

FleXible
punch

a
Fig. 5. Stiffness for the rectangular punch with and without adhesion: stiffness for the flexible punch.

tSee Muskhelishvili[ 11]. p. 477.
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Also presented in Fig. 5, for the purpose of comparison, are the equivalent results for the
flexible punch, i.e. the case of a constant contact stress throughout the rectangle. In this case the
displacement is nonuniform and d is taken as the average indentation. The stiffness of the
flexible punch is from 9% (at a =1) to 6% (at a =10) less than that of the 'smooth rigid punch.

Finally, and again for the purpose of comparison, we cite the analytical results given by
Spence[l7] for the stiffness of the adhesive circular punch. These are shown in Table 2,
together with the results for the adhesive square punch of the same area (the values exhibited
are based on the definition of k in (2.4) wherein a is the semi·length of the square). For the smooth
case (11= 0.5), the circular punch stiffness is a proven lower bound: it is not proven so for the
adhesive case, but nonetheless, for all values of Poisson's ratio examined, the stiffness of the
circular punch is about 2% less than that of the square punch.

Table 2. Stiffness values for the adhesive square punch and the adhesive circular
punch .

Poisson's ratio
Adhesive square punch
Adhesive circular punch

o 0.1 0.2 0.3 0.4 0.5
2.52 2.47 2.42 2.37 2.33 2.31
2.48 2.43 2.37 2.32 2.28 2.26
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APPENDIX
Derivation of upper and lower bounds for the stiffness of the lubricated rectangular punch

Here we sketch a derivation of the bounds on the rectangular punch stiffness furnished by a pair of elliptical punches
(refer Fig. 4. Section 2). In order to state these bounds concisely and to minimize explanation of the notation used, we
adopt. the following convention: unprimed quantities are associated with the rectangle, quanti~s with a single prime are
associated with the in-ellipse, and those with a double prime with the circum-ellipse. Thus a statement of the bounds can be
made as .~ollows: if (i) all three punches rest on the same half-space 1f and share a common depth of uniform indentation
d; and (11) the contact stress for the rectangle is nowhere negative (i.e. p ~o on 311f): then

(a'la)k' Ei k Ei(a"/a)k", (l)

where a', a" are the x-intercepts of the in-, circum-ellipses.
To prove (I) we first observe that, from the definition of the stiffness in (2.4) with "a" suitably replaced therein with a'

a", and under (i), (l) is equivalent to '

Hence we seek to show (2) holds.

55 Vol. 13 No. II-E

P'''PEiP". (2)
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Fig. 6. Contact regions for the in-ellipse and rectangle.

To this end, note that the loadings in all three problems can be constructed by the superposition of point-loads over
bounded regions. Consequently their stresses are 0(,-2) and their displacements 0(,-1) as '-+00, where, is now the
distance from the origin O. Subject to this decay at infinity, the extension of Betti's reciprocal theorem to the infinite region
1( is elementary. We now apply Betti's theorem on 1( to the punch problems implicit in (2).

We begin by considering the in-ellipse and the rectangle. For this pair, Betti's theorem gives

f wp'dA =f w'p dA.
IIjK' ,11X

(3)

where dA indicates integration over the contact surfaces and we have used tbe fact that the surface of 'K is stress free outside
outside the punches. Introducing the displacements under the punches, (3) becomes

or

p-p' I,I=;if (d-w')pdA.
il,1(-i+jJ('

(4)

It therefore remains to show I .. 0to establish the first inequality in (2); or, since d and p are positive on iJl'K - iJ 1'](' (by (iill, to
show tbat d .. w' on 011( - 011('. .

Let (X-,Y.) be any point on 0,1(-011(' and (Xb,Yb) tbe point on the boundary closest to (x.,Y.); because iJ1'](' is an
ellipse and is therefore convex, (Xb, Yb) is unique for any (X., y.). Let (x, y) be any point inside iJ,'K' and let 'b be the
distance between (x, y) and (Xb' Yb) witb '. the distance between (x, Y) and (Xb' Yb) (Fig. 6).

Now 'b ";'. (by Pythagoras) so that

i5}

Hence d .. w' for any point on 0,1( - iJ1(' and the first inequality in (2) holds.
Turning to the second inequality in (2), observe that the foregoing argument is valid for any pair of nested contact

regions provided that the inner region is convex and tbat the contact stress associated with the outer region is nowhere
negative. Thus, since a rectangle is convex and the contact stress for the ellipse is positive, the last inequality in (2) follows
immediately.

The actual bounds shown in Fig. 4, Section 2, stem from particular choices of the in- and circum-ellipses. The in-ellipse
taken is the ellipse touching the four mid-points of the rectangle sides, tbis being the ellipse which maximizes the lower
bound in (t). Tbe circum-ellipse taken is the ellipse with tbe same aspect ratio as the rectangle and which passes through all
four comers; while this is not the ellipse wbich minimizes the upper bound in (I), it differs by a negligible amount from tbe
minimum and is computationally convenient.


